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General Instructions

Reading Time: 5 minutes
Working Time: 2 hours

o Atiempt all gquestions

Start each question on a new page

Each guestion is of equal value

Show all necessary working.

Marks may be deducted for careless work or incomplete solutions
Standard integrals are printed on the last page

Board-approved calculators may be used



‘Question One

a)

b)

d

&)

Find the remainder when P(x)=x> +2x—5 isdividedby x-1.

1

Vx2+4

Use the table of standard integrals to find f dx

Solve the inequality —2—5 >1
x—

For the points 4(-3,8) and B(5,-6), find the coordinates of the
point P which divides the interval 4B internally in the ratio 1:3,

4

Use the substitution # = x—1 to evaluate j —
' 2 (x=1)

Solve the equation sin28 =cos@ for 0£6<2x.

Marks

Question Two ( Start 2 new page )
a) Find -‘;—i—(x3 tan™! Zx)

b) The function f (x) =Inx +5x has a zero near x =02

Use one application of Newton’s Method to find a better approximation,
piving your answer correct to 2 decimnal places.

¢) Forthe function f(x) = cos™! ( 3x)
iy Find f( -%) , expressing the answer in radians in exact form.
i) State the domain and range of this function.
iif) Neatly sketch p = f(x).
x+1 2

d} i) Showthat ——=1-—
x+3 x+3

f) You are now given that y = x_"'; , find the equation of the
: x4+

vertical asymptote.

jiiy Without the use of calculus neatly sketch the graph

x ““; showing all the main features.

of y=

X+

Marks



Question Three ( Start a new page )

a)

b)

)

d

w

2 1 2
Given that _[ S{e)dt =5, evaluate j Flt)at +J- Si)-vde.
] 0 1

2

If the line y = mx + b is 2 unifs from the origin, prove that m*

Prove, by Mathematical Induction, that for all integers n21

1+6+15 +....-£—n(2n—1)=%n(4n—lxn+1).

The population ¥, of Keystown first reached 25 000 on 1 January 2000.
The population of Keystown is set to increase according to the equation

N _ k(v —8000)
at

where ¢ represents time in years after the population first reached 25 000.
On 1 January 2005, the population of Keystown was 29 250.

i) ‘Verify that N = 8000+ 4e* is a solution to the above equation
where 4 is a constant,

ii} Find the value of 4 and the value of & correct to 4 decimal places.

iii) In which year will the population of Keystown reach 50 000?

+1=_b___

Marks

Question Four { Start a new page )

A, B and C are 3 points on a circle
centre O. The tangent at A meets CB

produced at T, X is the midpoint of BC,

%"

Neatly copy the diagram onto your answer sheet.

&)
[
Y]
i)
b i)
ii)

Without adding any constructions to the diagram prove that AOXT
is a cyclic quadrilateral.

Hence state why £AO0T = £Z4XT

Find the natural domain of the function f{x}= -
4-x

The sketch below shows part of the graph of y = f (x) The area under
the curve for 0 < x £1 is shaded. Find the area of the shaded region.

" y=slx}

NOTTO
SCALE

c) If a,B,7 aretherootsof 2x° +x2 —x—2=0, find the value of:

i)
1i)
iii)

iv)

a+f+y
afiy
aff +ay + By

Hence or otherwise, find the value of (& —1{8 -1y -1).

Marks



Question Five ( Start a new page )

a) Airis being pumped into a spherical balloon at the rate of 450cm> /5.

Calenlate in exact form the rate at which the radius of the balloon

is increasing at the instant when the radius reaches 15em. [V = gfr rs]

b) The area between the curve y =sinx, the x-axis, the lines x =0 and x= i
is rotated about the x-axis. Find the volume of the solid formed. Express

your answer in exact form.,

\ 2 =4ay
R ¢ N,

NOTTO
SCALE

The diagram above shows the graph of the parabola x? =4day.
The normal to the parabola at the variable point P(?_at, atz), t>0,
cuts the y-axis at Q. The point R lies on the parabola in the 2™ quadrant.

i) Show that the equation of the normal to the parabola at P
is x+ty=at® +2ar.

i)  Find the coordinates of R givcn that OR is parallel to
the x-axis.

{if) Let M be the midpoint of RQ). Find the Cartesian equation of the locus of M.

Marks Question Six( Start a new page )
a8} A particle moves in a straight line with an acceleration given by

dix ’
- 9(x-2)

where x is the displacement in metres from an origin O after ¢ seconds.
Initially, the particle is 4 metres to the right of O with a velocity v =-6.
3 7 i) Show that v? = 9(x~ 2)2 .
ii) Find an expression for v and hence find x as a function of 7,

b} A boy throws a ball and projects it with a speed of ¥ m s™

from a point 1 metre above the ground. The ball lands on top
of a flowerpot in a neighbour’s yard,

Im

2
o

The angle of projection is & as indicated in the diagram. The equations
of motion of the ball are ¥ =0 and j =-10..

1t has been found that y = Frsind -5 +1.

i} Show that x = Ptcosd .

[

if) ‘When the ball is at its maximum height above the ground, it passes
directly above a 1.5 metre high fence and clears the fence by 0.5 metres.

2 Show that V' = @
8

in &

ify  Find the value of ¥ given that 8 = tan™ 4i .

Give your answer in m/s, correct to 2 decimal places.

Marks

844



Question Seven( Start a new page ) Marks

&) Find m oo | 2
z00 Ix
b)
y
3
(1,2}
8
[§) p\ E4

A line passes through the point ( 1, 2 ) and meets the x and y axes
at P and Q@ respectively as shown in the above diagram. ZOPQ =8,

i) Show that the equation of the line PQ is given by
y=tangd—xtand+2.

2
ii) Show that the area (4) of AOPQ is given by
3
a=m8 5, 2
2 tan 8
iii) Prove that the area is a minimum when tamé =2,
4

iv) Hence, find the minimum area.

END OF EXAM



STANDARD INTEGRALS

1

_[x"dx =——x", ne-l xz0, fr<0
n+l
i
_[—-dx =lhx, x>0
. ;
az 1 £x
Je dx . =—e%, az0
a
1,
jcosaxdx =—ginax, a=0
a
. 1
Ismaxdx =——cosax, a=0
a
.J-seczaxdx =ita.nax, a#0
, a
Isecaxtanaxdx =lsccax, a»l
a
j-—zl—zdx Lt ano
a’+x o a

L X
=sgin” —,a>0, —a<x<a

1
et .

J-—“xi—l..;fdx =]n(x+wfx2—azl x>a>0

JJTz_l—de =1n(x+v'x2+a2}

NOTE: Inx=log,x, x>0

From 2004 HSC Mathematics Extension 1 Exam taken from the Board of Studies
website. ©Board of Studies NSW for and on behalf of the Crown in the right of the
State of New South Wales 2004. The Board of Studies takes no responsibility for
mistakes made in the reproduction of these formulae sheets.
Reproduced with permission of the NSW Board of Studies.



CARINGBAH HIGH SCHOOL 2005 EXTENSION 1 MATHEMATICS SOLUTIONS

Question 1. Question 2,
a) Pll)=-2 ' a)

—(x3 tan ™! x)=tan_1 2xx3x? + 5 x

b) ln(x-!— \fx2+4)+c +(2x)
2 =3x2tan"' 2 25
) 2Ax-5)>(x-35) x tan " 2x+ 7

1+4x

2
20x-5)-(x-5) >0 b) flx)=lnx+5x = f’(x)=l+5

{(x-57-x)>0 = 5<x<7 - n{0.2)+1

=02 =0,
o = x=026

3(-3)+1(5 3(8)+1(-6
Rt I P

ify D —%sté, R: 0sy<n

. P has coordinates [—1,%).

i)
Y
6) Let u=x~1"= x=u-+land du=dx. z
Alsowhen x=4,u=3 and when x=2,u=1,
1 1L
L I= _[—d = I= j 0 du ,
1 T
3 1 3 3
I:[Inu———] = [11'13—5] (ln1-1) 3_9
1 d s Xt3=2_x+3 2
x+3 x+3 x+3
=—=+In3. 2
=1- = RHS.
x+3
i) x=-~3
f) 2sinfcosf—cosf =0 :
iii)
cosf(2sin@-1)=0
. cos@=0 or sin9=% / ¥y
f6=Z3 4 g-Z 3% !
22 6’6 —

- /1 T

x2

Question 3.
1 2 2
2) 1=jf(:)d:+jf(:)dr—j1dr
1 1

Fe)ar —[f]? = 5-fp-1]=4

O‘-‘_IN

b) mux~y+b=0 and using the perpendicular
distance formula with (xl, y]J as (0: 0) and
a=m, b=-1, c=b, d =2 we obtain:

_m@)+-10)+8 b
m? +1 m?+1
2 2

4= b = m2+1=é~

m? +1 4

¢) When n=1, LHS=1, RHS:%(I)(S)(Z):I
o true for n=l.
Assume true for n=k
ie. S = %k(4k _1)k+1)
Provefrue for n=%k+1

i.e. Prove that S.’c+1 = Sk + Tk+1
RHS = %k(4k ~Ye+1}+ (k+1)2k+1)

k(ak -1k + 1)+ 6(k +1)2k +1)
6

_ (e +1)fr{ak —1)+6{2k +1)]
6

_ (k+1ak? 4115 +6)

6

(E+1)k+2Xdk +3) = Spy-

ml-——-

Thus proved true for # =1, assumed true for n=k
and proved true for n = k +1, so by Mathematical
Induction it is true for n=1+1=2, n==2+1=3, and
so on for all positive integers #.

d) i) N=8000+4e® = 4o =N-8000

% 2 JedeX = k(N —8000)

if) When f=0,N =25000
- 25000=8000+ 4 = 4=17000

When ¢=5, N = 20250
-, 20250 = 8000 +17000e°*

i = 21250
17000
se=in[ 220) o p-0.0446
17000

i) 50000 = 8000+ 17000e"0446!
06 _ 42000
" 17000

=20

-, In 2020 the population will reach 50 000.

Question 4.

a) 1) Thetangent A7 meets radius OA at 90°.
s LOAT =90°,

Also, a line from the centre that bisects a chord
is perpendicular to the chord
L LOXT =90°
Hence 4OXT is a cyclic quad (opp..é's supp. )

ii) Since AOXT iscyclic 40T = ZAXT
[ Angles at circumference standing on same arc A7 1.

by i) 4-x2>0 = -—2<x<2.




Question 4( continued ).

¢} i) rz+,.l?+y=----{J-=—l
a 2
if) aﬁy=—i=l
a

1
i) afray+fy=s=——
a 2

iv) On Expansion

(@-1 -1y -D=cfy (B +ay+fr)+{a+ B +r)-1

BhT

Question 5.
) Loatso, v =220, Lctnr?, r=15em
dt r
.~ uging the chain rule ﬂ:ﬂ dr
dt  dr dt

. 450=ag 2.0 o A 450 !

dt 4rx152 27

3z

]
b) V=xn] sin’x dx loo526’=1~2s.‘in26_l
0

[sin2 6= %(1 —cos 29)]

3 I
z 2z
V=x] i(1 co82x)dx = —l:x——l—sm.'lx] 4
0 2 2|7 2 o
_rif3x 1 in— _(0—0)
21 4 2
:r[3:r I] 3ﬂ'2+2ﬂ' 3
S =+= u
204 2 R
c) i) =X ::,@__x_ => mp={ when x=2at
Ay dx 2z r

mN=—% = Eq" of Normal: y—ai? :m}(x—Za!)

ty—at3 =2at—-x = x+ty=2ar+ar3

if) Using (i) and putting x =0 = y=2a+ar’

', (O has coordinates (0, 2a+at? )

and since R Hes on the parabola then when

2, x? =4a(2a+at2 )u4a2(2+12)

which gives x=-2aV2 +12% since R isinthe
second quadrant.

y=2a+at

- R has coordinates ( —2av2+¢% J2a+ at? )
fii}M has coordinates (—a 2+12,2a+at2 ]

For the locus of M : x=—av2+12
Loxt e a2(2+t2)= a(2a+ar2)
=ay
Hence x =—.jay since R isinthe and Quad.
isthelocus of M .

Question 6.

o ou_dfl 2
a) i) x—dx[zv J

.-.i(lﬂ):w—ls
de\ 2

Ly 9’ ~18x+C
2 2

%(_5)2 =9—(‘2‘—)i—18(4)+c = C=18

2
L2222 gets
)

v2 =9x2 ~362+36
=9(x2 x4 4)=9(v-2)?

ii) v=-3(x—2) since v<0 when (=0

dx
o sfe-2) =

Question 6 a) ji) continued.
1
t= —-Elu(x— 2)+C

when t=0,x=4 = 0=%ln2+c = C=%h12

2
x—2

=§[1n2—!n(x—2)] = 3= ln[

" 93‘=—2—— = x—-2=—
x—2

L ox=242e70 o x=2(1+e'3‘)

b) i) When r=0,x=0,%=VFcos@ (aconstant}
=0 = x=C = x=VFcosd
sx=Vtecosf+C but C=0 by LC.
Hence x=Vtcosf.

i) y=Prsin@—5r2+1 = p=Vsinf-10t

At maximum height =0 = t=VT(1;g
and when I=Vsm9’ y=2
2y VsmGJ nd— S[Vsmﬁ o1
10 10
_Psin’9 _spisin’e
T 100
200=10¥25in% #-5¥%sin? 6+100
¥26in2g=20 = ri=—20_ o V=@.

sin? @ sin g

iy tanﬁ = % => sinf= 421- using Pythagoras

¥20 41420

R el b
9 9
41

s V= 20.37 ms~" correct to 2 decimal places.

Ouestion 7.
. l-cos2x 25in2x
a) lim———s—=
x—=0 3x2 x—=0 3x2
2 sinx sinx
. =2 ljjm 2222
Ix->0 x x
24422
3 3

b) i) Gradient of PO =tan(180-8)=—tan8
& y—2=-tanf (x-1)
y—2=—xtanf +tan @
y=tanf—xtanf +2

ii) Using i} when x=0,y=2+tand
2+tand

dwhen y=0,x=
. Y tan &

L Area AOPQ = %OPX og

=~1-[~—+~w—z + tmg}(2+ ta.nﬁ)
2\ tan@

l 4+4ta.n9+-tan g
2 tan @

i) In part ii) let = tan @

A=1+2+—2-=~t—-z-2+2r‘1
t 2

. minimum area when tan& =2

iv) .. Minimun Area= 1+2+1 =4 u?.

2
2
For 8 minimum area iAi—:O and d—A>0
df df2
2
g.é:l_zt_2=l__2_. and d_Azi
da 2 2 42 a? P
2
.‘.£=l:> t*=4 = t=2, also iﬁ:l
22 d.t2 2




